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8.1 �ê½Æ

�½�ÅCþ X1, X2, · · · , Xn, ù
�ÅCþ�þ� (�â²þ�)�

1

n

n∑
i=1

Xi.

� n�~��, �ê½Æ�Ä�ÅCþ�þ�´Ääk­½5.

½Â 8.1 (���VVVÇÇÇÂÂÂñññ) � X1, X2, · · · , Xn, · · · ´��ÅCþS�, a´�~ê, XJé?¿

ε > 0k

lim
n→∞

Pr{|Xn − a| < ε} = 1 ½ lim
n→∞

Pr{|Xn − a| > ε} = 0,

K¡�ÅCþS� X1, X2, · · · , Xn, · · · �VÇÂñu a, P Xn
P−→ a.

¯K: �ê�4��«O? e¡·��Ñ�VÇ�5�:

1) e Xn
P−→ a�¼ê g : R→ R3 X = a:ëY, Kg(Xn)

P−→ g(a).

2) eXn
P−→ a, Yn

P−→ b,¼ê g : R×R→ R3: (X,Y ) = (a, b)?ëY,K g(Xn, Yn)
P−→ g(a, b).

~X: XJ Xn
P−→ aÚ Yn

P−→ b, @o Xn + Yn
P−→ a+ bÚ XnYn

P−→ ab.

½n 8.1 (���êêê½½½ÆÆÆ) e�ÅCþS� X1, X2, · · · , Xn, · · · ÷v

1

n

n∑
i=1

Xi
P−→ 1

n

n∑
i=1

E[Xi],

K¡ {Xn}Ñl�ê½Æ.

�ê½n�x
�ÅCþ�þ� (�â²þ�)�VÇÂñuÏ"�þ� (�â²þ�). e¡0�A

«�ê½Æ:

½n 8.2 (êêê������ÅÅÅMarkov���êêê½½½ÆÆÆ) XJ�ÅCþS� X1, X2, · · · , Xn, · · · ÷v

1

n2
Var

(
n∑
i=1

Xi

)
→ 0 n→∞,

K {Xn}Ñl�ê½n.
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ê��Å�ê½ÆØ�¦�ÅCþS� X1, X2, · · · , Xn, · · · �pÕá½Ó©Ù, Ùy²��ÏL

ChebyshevØ�ªk

Pr

[∣∣∣∣∣ 1n
n∑
i=1

(Xi − E[Xi])

∣∣∣∣∣ > ε

]
6

1

n2ε2
Var

(
n∑
i=1

Xi

)
→ 0 n→∞.

½n 8.3 (���'''ÈÈÈÅÅÅ Chebyshev���êêê½½½ÆÆÆ) ��ÅCþS� X1, X2, · · · , Xn, · · · �pÕá,

��3~ê c > 0¦� Var(Xn) 6 c, K {Xn}Ñl�ê½Æ.

d?Õá��ÅCþ�±?U�‘Ø�'�ÅCþ’. y²��ÏL�'ÈÅØ�ª

Pr

[∣∣∣∣∣ 1n
n∑
i=1

(Xi − E[Xi])

∣∣∣∣∣ > ε

]
6

1

ε2n2
Var

(
n∑
i=1

Xi

)
6

c

nε2
→ 0 n→∞.

½n 8.4 ("""��� Khintchine���êêê½½½ÆÆÆ) � X1, X2, · · · , Xn, · · · �ÕáÓ©Ù�ÅCþS�,

�z��ÅCþ�Ï" E[Xi] = µ�3, K {Xn}Ñl�ê½Æ.

"��ê½ÆØ�¦���½�3, Ùy²�Ñ
�Ö��.

½n 8.5 (Bernoulli���êêê½½½ÆÆÆ) ��ÅCþS� Xn ∼ B(n, p) (p > 0), é?¿ ε > 0k

lim
n→∞

Pr

[∣∣∣∣Xn

n
− p
∣∣∣∣ > ε

]
= 0,

= Xn/n
P−→ p.

½n�y²�â��©Ù�5�: ÕáÓ©Ù�ÅCþ Y1, Y2, . . . , Yn÷v Yi ∼ Ber(p), K

Xn =
n∑
i=1

Yi ∼ B(n, p).

u´��

lim
n→∞

Pr

[∣∣∣∣Xn

n
− p
∣∣∣∣ > ε

]
= lim

n→∞
Pr

[∣∣∣∣∣ 1n
n∑
i=1

Yi − E[Yi]

∣∣∣∣∣ > ε

]
6

1

ε2n2
Var(

n∑
i=1

Yi) =
p(1− p)
ε2n

→ 0.

XÛ�ä�ÅCþS� X1, X2, · · · , Xn, · · · ÷v�ê½Æ:

• e�ÅCþÕáÓ©Ù, K|^"��ê½Æ�wÏ"´Ä�3;

• é�ÕáÓ©Ù�ÅCþ, K|^Markov�ê½Æ�ä��´Äªu".

~ 8.1 Õá��ÅCþS� X1, X2, · · · , Xn, · · · ÷v Pr{Xn = n1/4} = Pr{Xn = −n1/4} =

1/2. y² {Xn}Ñl�ê½Æ.
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y² �âK¿�� E[Xi] = 0, ±9 Var(Xi) = E[X2
i ] = i1/2, �â ChebysheveØ�ªÚÕá

5k

Pr

[∣∣∣∣∣ 1n
n∑
i=1

Xi

∣∣∣∣∣ > ε

]
6

1

n2ε2
Var(

n∑
i=1

Xi) =
1

n2ε2

n∑
i=1

V ar(Xi) =
1

ε2
1

n2

n∑
i=1

i1/2 6
1

ε2
√
n

2�â

n∑
i=1

i1/2 6
n∑
i=1

∫ i+1

i
i1/2dx 6

n∑
i=1

∫ i+1

i
x1/2dx =

∫ n+1

1
x1/2dx = 2((n+ 1)3/2 − 1)/3

dd��� n→ +∞�k

Pr

[∣∣∣∣∣ 1n
n∑
i=1

Xi

∣∣∣∣∣ > ε

]
6

2((n+ 1)3/2 − 1)/3

ε2n2
→ 0

�ê½Æ�(:

• Markov�ê½Æ: e�ÅCþS� {Xi}÷v Var(
∑n

i=1Xn)/n2 → 0, K÷v�ê½Æ;

• Chebyshev�ê½Æ: eÕá�ÅCþS� {Xi}÷v Var(Xi) 6 c, K÷v�ê½Æ;

• Khintchine�ê½Æ: eÕáÓ©Ù�ÅCþS� {Xi}Ï"�3, K÷v�ê½Æ;

• Bernoulli�ê½Æ: é��©Ù Xn ∼ B(n, p), k Xn/n
P−→ p.

8.2 ¥%4�½n

éÕá��ÅCþS� X1, X2, · · · , Xn, · · · , ·��ÄIOz��ÅCþ

Yn =

∑n
i=1Xi −

∑n
i=1E(Xi)√

Var(
∑n

i=1Xi)

�4�©Ù´Ä�Ñl��©Ù. Äk0��©ÙÂñ.

½Â 8.2 ��ÅCþ Y �©Ù¼ê� FY (y) = Pr(Y 6 y), ±9�ÅCþS�

Y1, Y2, · · · , Yn, · · · �©Ù¼ê©O� FYn(y) = Pr(Yn 6 y), XJ

lim
n→∞

Pr[Yn 6 y] = Pr[Y 6 y], = lim
n→∞

FYn(y) = FY (y),

K¡�ÅCþS� Y1, Y2, · · · , Yn, · · · �©ÙÂñu Y , P Yn
d−→ Y .

e¡0�ÕáÓ©Ù¥%4�½n, q�¡�����-V� (Lindeberg-Lévy)¥%4�½n”:
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½n 8.6 �ÕáÓ©Ù��ÅCþX1, X2, · · · , Xn, · · · �Ï"E(X1) = µÚ�� V ar(X1) =

σ2, K

Yn =

∑n
i=1Xi − nµ
σ
√
n

d−→ N (0, 1).

c¡0�IO��©Ù�©Ù¼ê� Φ(x), Kþã¥%4�½n�du

lim
n→∞

Pr[Yn 6 y] = Φ(y).

�ÅCþ Yn´�ÅCþX1, X2, . . . , Xn�IOz, Ù4�ÑlIO��©Ù. � nv
��Cqk

Yn ∼ N (0, 1), ¥%4�½n�C/úª�

n∑
i=1

Xi
d−→ N (nµ, nσ2),

1

n

n∑
i=1

Xi
d−→ N (µ, σ2/n).

�ê½Æ�Ñ
� n→∞��ÅCþ²þ� 1
n

∑n
i=1Xi�ª³, 
¥%4�½n�Ñ
 1

n

∑n
i=1Xi

�äN©Ù.

~ 8.2 ��>Ø�ÂìÓ��Â� 20 �ÕáÓ©Ù�&Ò>Ø Vk (k ∈ [20]), � Vk ∼
U(0, 10), ¦>ØÚ�u 105�VÇ.

) �âK¿��ÕáÓ©Ù��ÅCþ V1, V2, . . . , V20 Ñlþ!©Ù U(0, 10), u´k

E(Vk) = 5Ú Var(Vk) = 100/12 = 25/3. � V =
∑20

k=1 Vk, Kk

E(V ) = 100 Var(V ) = 500/3.

�â¥%4�½nCqk
V − E(V )√

Var(V )
=
V − 100√

500/3
∼ N (0, 1).

�âIO��©Ù�©Ù¼ê Φ(x)k

Pr(V > 105) = Pr

(
V − 100√

500/3
>

105− 100√
500/3

)
= Pr

(
V − 100√

500/3
> 0.387

)
= 1− Φ(0.387).

�L�¤y².

~ 8.3 ,�¬C�, z�­þ´�Å�, b�ÙÏ"´ 50ú6, IO�� 5ú6. e��1­

þ� 5ë, ¯z��õ�Cõ��U± 0.997±þ�VÇ�yØ�1?

) b��õ�C n�Ø�­, ^XiL«1 i�­þ (i ∈ [n]), k E(Xi) = 50Ú Var(Xi) = 25.

�o­þ X =
∑n

i=1Xi, Kk E(X) = 50nÚ Var(X) = 25n. d¥%4�½nCqk

(X − 50n)/
√

25n ∼ N (0, 1).
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�âIO��©Ù�©Ù¼ê Φ(x)k

Pr(X 6 5000) = Pr

(
X − 50n√

25n
6

5000− 50n√
25n

)
= Φ

(
5000− 50n√

25n

)
> 0.977 = Φ(2).

�â©Ù¼ê�üN5k

1000− 10n√
n

> 2 =⇒ 1000n2 − 2000n+ 10002 > 4n.

¦)�� n > 102.02½ n < 98.02, �âdK¿�� n = 98.

e¡0�,��¥%4�½n: �#6-.Ê.d (De Moivre-Laplace)¥%4�½n:

íØ 8.1 ��ÅCþ Xn ∼ B(n, p), K

Yn =
Xn − np√
np(1− p)

d−→ N (0, 1).

dd¥%4�½n��: � n�~���ÅCþ Xn ∼ B(n, p)÷v Xn
Cq∼ N (np, np(1− p)), l


kXeCq�O:

Pr[Xn 6 y] = Pr

[
Xn − np√
np(1− p)

6
y − np√
np(1− p)

]
≈ Φ

(
y − np√
np(1− p)

)
.

�éþª, �±�Än«¯K: i) ®� nÚ Pr[Xn 6 y], ¦ y; ii) ®� nÚ y, ¦ Pr[Xn 6 y]; iii)®�

yÚ Pr[Xn 6 y], ¦ n. e¡wn�~f:

~ 8.4 �mk 200�Õáó���K, z�ó��VÇ� 0.6, ó��z�Ñ> 1Z�, ��ø

>õ�Z�âU± 99.9%�VÇ�y�~)�.

) �ó���Kê� X, K X ∼ B(200, 0.6). ���ø> yZ�. �â�#6-.Ê.d¥%

½nCqk X ∼ N (120, 48), ?�Úk

Pr(X 6 y) > 0.999 ⇒ Pr

(
X − 120√

48
6
y − 120√

48

)
≈ Φ

(
y − 120√

48

)
> 0.999 = Φ(3.1).

¤±k y−120√
48

> 3.1, ¦)�� y > 141.

~ 8.5 XÚd 100��pÕá�Ü�|¤, zÜ���Ç� 0.1, �� 85�Ü��~ó�XÚ

âU$1, ¦XÚ$1�VÇ.
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) � X ´���Ü�ê, K X ∼ B(100, 0.1), k E(X) = 10Ú Var(X) = 9. �â�#6-.

Ê.d¥%½nCqk X ∼ N (10, 9), ¦XÚ$1�VÇ�

Pr(X 6 15) = Pr

(
X − 10√

9
6

15− 10√
9

)
≈ Φ(5/3).

~ 8.6 �g>À!8N�¥N� n<, Ù¥ k <*w
>À!8, ÏdÂw'~ k/n��>

À!8ÂÀÇ p��O, �± 90%�VÇk |k/n− p| 6 0.05¤á, I�N�õ�é�?

) ^ Xn L« n�N�é�¥Âw!8�<ê, Kk Xn ∼ B(n, p). �â�#6-.Ê.d¥

%½nCqk (Xn − np)/
√
np(1− p) ∼ N (0, 1), ?�Úk

Pr

[∣∣∣∣Xn

n
− p
∣∣∣∣ 6 0.05

]
= Pr

[
|Xn − np|

n
6 0.05

]
= Pr

[
|Xn − np|√
np(1− p)

6
0.05
√
n√

p(1− p)

]

= Φ

(
0.05
√
n√

p(1− p)

)
− Φ

(
− 0.05

√
n√

p(1− p)

)

éuIO��©Ù¼êk Φ(−α) = 1− Φ(α)±9 p(1− p) 6 1/4, u´k

Pr

[∣∣∣∣Xn

n
− p
∣∣∣∣ 6 0.05

]
= 2Φ

(
0.05
√
n√

p(1− p)

)
− 1 > 2Φ

(√
n/10

)
− 1 > 0.9.

¤± Φ (
√
n/10) > 0.95, �L)� n > 271.

éÕáØÓ©Ù��ÅCþS�, koäÊìÅ (Lyapunov)¥%4�½n:

½n 8.7 �Õá�ÅCþ X1, X2, . . . , Xn, . . .�Ï" E[Xn] = µn Ú�� Var(Xn) = σ2
n > 0.

P B2
n =

∑n
k=1 σ

2
k, e�3 δ > 0, � n→∞�k

1

B2+δ
n

n∑
k=1

E[|Xk − µk|2+δ]→ 0

¤á, Kk

Yn =

∑n
k=1Xk −

∑n
k=1E(Xk)√

V ar(
∑n

k=1Xk)

d−→ N (0, 1).

¥%4�½n�(:

• ÕáÓ©Ù¥%4�½n: e E[Xk] = µÚ Var(Xk) = σ2, K
∑n

k=1Xk
d−→ N (nµ, nσ2);

• �#6-.Ê.d¥%4�½n: e Xk ∼ B(k, p), K Xk
d−→ N (np, np(1− p));

• ÕáØÓ©Ù¥%4�½n: oäÊìÅ½n.
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8.1 ��ÅCþ X �Ï" E[X] = µ > 0, ��� σ2, y²é?¿ ε > 0k

P (X − µ 6 −ε) 6 σ2

σ2 + ε2
.

8.2 ��ÅCþXÚY÷vE(X) = −2, E(Y ) = 2, Var(X) = 1, V ar(Y ) = 4, ρXY = −1/2. |

^ChebyshevØ�ª�OPr(|X + Y | > 6)�þ..

8.3 ÕáÓ©Ù�ÅCþ X1, X2, · · · , Xn ÷v E[Xi] = µÚ Var(Xi) 6 v. y²é?¿ ε > 0

k [∣∣∣∣∣ 1n
n∑
i=1

Xi − µ

∣∣∣∣∣ > ε

]
6

v

nε2
.

8.4 �ã�o´chernoff�{"

8.5 �ÅCþ X1, X2, · · · , Xn �pÕá�÷v Xi ∼ Ber(pi) (pi > 0). |^chernoff�{�Ñ

e�VÇ�þ.

P

[
1

n

n∑
i=1

(Xi − E[Xi]) > ε

]
Ú P

[
1

n

n∑
i=1

(Xi − E[Xi]) 6 −ε

]
.

8.6 eÕáÓ©Ù�ÅCþ X1, X2, · · · , Xn ÷v Xi ∈ {a, b} (b > a)� P (Xi = a) = P (Xi =

b) = 1/2. ¦e�VÇ�þ.

P

[
1

n

n∑
i=1

(
Xi −

a+ b

2

)
> ε

]
Ú Pr

[
1

n

n∑
i=1

(
Xi −

a+ b

2

)
6 −ε

]
.

8.7 �ÅCþ X1, X2, · · · , Xn �pÕá�÷v Xi ∼ Ber(pi) (pi > 0). y²é?¿ 0 < ε < 1

kØ�ª

P

[
n∑
i=1

Xi > (1 + ε)
n∑
i=1

pi

]
6 e−µε

2/3 .

8.8 �ÅCþ X ∈ [a, b]�Ï" µ = E[x], y²é?¿ t > 0k

E
[
etx
]
6 exp

(
µt+ t2(b− a)2/8

)


