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� 19­V" 20­VÐ, �XC�êÆÚVÇØ�uÐ, �)
ÚOÆ.

ÚOÆ: ±VÇØ�Ä:, ïÄXÛk�Â8ïÄé���Åêâ, ±9XÛ$^¤¼��êâ

�«ÚO5Æ���Æ�. ÚOÆ�ïÄSNäN�): Ä�!ëê�O!b�u��.

9.1 oN (population)��� (sample)

‘oN’´ïÄ¯K¤�9�é��N; oN¥z���¡� ‘�N’. oN©�k�½Ã�oN.

~X: �I<¬�Â\´oN, ��<�Â\´�N.

3ïÄoN�, Ï~'%oN�,�½,
êþ�I, oN¥�z��N´�ÅÁ����*

	�, =�ÅCþ X ��. éoN�ïÄ�=z�é�ÅCþ X �©Ù½êiA��ïÄ, �¡o

N��ÅCþ X �©ÙØ2«©, {¡oN X.

oN: ïÄé���N⇒êâ⇒�ÅCþ (©Ù��).

��: loN¥�ÅÄ��
�N, ��L«� X1, X2, · · · , Xn, ¡ X1, X2, · · · , Xn ��go

N X ��Å��, Ù��Nþ� n.

Ä�: Ä����L§.

���: *	�����ê�, ~X: X1 = x1, X2 = x2, · · · , Xn = xn���*	�½���.

����­5: i) Ò�gäN*	
ó, ���´(½�ê; ii) ØÓ�Ä�e, ���¬u)C

z, �w��ÅCþ.

½Â 9.1 ({{{üüü���ÅÅÅ������) ¡��X1, X2, · · · , Xn´oNX �{ü�Å��, {¡��, ´�

��÷v: 1) �L5, = Xi� X Ó©Ù; 2) Õá5, = X1, X2, · · · , Xn�m�pÕá.

�Ö�¡¤�Ä���þ�{ü�Å��.

�oN X �éÜ©Ù¼ê� F (x), K X1, X2, · · · , Xn�éÜ©Ù¼ê�

F (x1, x2, · · · , xn) =

n∏
i=1

F (xi);
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eoN X �VÇ�Ý� f(x), K�� X1, X2, · · · , Xn�éÜVÇ�Ý�

f(x1, x2, · · · , xn) =
n∏
i=1

f(xi).

eoN X �©Ù� Pr(X = xi), K�� X1, X2, · · · , Xn�éÜ©Ù��

Pr(X1 = x1, X2 = x2, · · · , Xn = xn) =
n∏
i=1

Pr(Xi = xi).

9.2 ~^ÚOþ

�ïÄ���A5, ·�Ú\ÚOþ:

½Â 9.2 � X1, X2, · · · , Xn ´5goN X �����, g(X1, X2, · · · , Xn) ´'u

X1, X2, · · · , Xn���ëY!�Ø¹?¿ëê�¼ê, ¡ g(X1, X2, · · · , Xn)´��ÚÚÚOOOþþþ.

du X1, X2, · · · , Xn ´�ÅCþ, ÏdÚOþ g(X1, X2, · · · , Xn) ´���ÅCþ. 


g(x1, x2, · · · , xn)� g(X1, X2, · · · , Xn)��g*	�. e¡ïÄ�
~^ÚOþ.

b� X1, X2, · · · , Xn´5goN X �����, ½Â������þþþ����

X̄ =
1

n

n∑
i=1

Xi.

�â���ÕáÓ©Ù5�k

Ún 9.1 �oN X �Ï"� E[X] = µ, �� Var(X) = σ2, Kk

E[X̄] = µ, Var(X̄) = σ2/n, X̄
d−→ N (µ, σ2/n).

b� X1, X2, · · · , Xn´5goN X �����, ½Â�������������

S2
0 =

1

n

n∑
i=1

(Xi − X̄)2 =
1

n

n∑
i=1

X2
i − X̄2.

Ún 9.2 �oN X �Ï"� E[X] = µ, �� Var(X) = σ2, Kk

E[S2
0 ] =

n− 1

n
σ2.

y² �â E[X2
i ] = σ2 + µ2k

E(X̄2) = E

( 1

n

n∑
i=1

Xi

)2
 =

1

n2
E

( n∑
i=1

Xi

)2
 =

1

n2
E

 n∑
i=1

X2
i +

∑
i 6=j

XiXj

 =
σ2

n
+ µ2,
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u´k

E(S2
0) = E(X2

i )− E(X̄2) = σ2 + µ2 − σ2

n
− µ2 =

n− 1

n
σ2.

dd������ S2
0 �oN�� σ2�m�3 �.

?�Ú½Â������IIIOOO����:

S0 =
√
S2

0 =

√√√√ 1

n

n∑
i=1

(Xi − X̄)2.

½Â???����������������������:

S2 =
1

n− 1

n∑
i=1

(Xi − X̄)2 = S2 =
n

n− 1
S2

0 ,

Ún 9.3 �oN X �Ï"� E[X] = µ, �� Var(X) = σ2, Kk

E[S2] = σ2.

y² �âÏ"�5�k

E[S2] = E

[
n

n− 1
S2

0

]
=

n

n− 1
E
[
S2

0

]
= σ2.

b� X1, X2, · · · , Xn´5goN X �����, ½Â������ k ������:::ÝÝÝ�:

Ak =
1

n

n∑
i=1

Xk
i , k = 1, 2, · · · .

½Â������ k ���¥¥¥%%%ÝÝÝ�:

Bk =
1

n

n∑
i=1

(Xi − X̄)k, k = 1, 2, · · · .

~ 9.1 �oN X ∼ N (20, 3), loN¥Ä�üÕá��, Nþ©O� 10Ú 15. ¦ùü���

þ����ýé��u 0.3�VÇ.

) � X1, X2, . . . , X10 Ú X ′1, X
′
2, . . . , X

′
15 ©O�5goN X ∼ N (20, 3)�ü�Õá��. �

â��©Ù�5�k

X̄1 =
1

10

10∑
i=1

Xi ∼ N (20, 3/10), X̄2 =
1

15

15∑
i=1

X
′
i ∼ N (20, 1/5).
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?�Ú�â��©Ù�5�k X̄1 − X̄2 ∼ N (0, 1/2), u´��

Pr(|X̄1 − X̄2| > 0.3) = 2− 2Φ(0.3/
√

1/2).

b� X1, X2, · · · , Xn ´5goN X �����, ½Â������gggSSSÚÚÚOOOþþþÚ������gggSSSÚÚÚOOOþþþ©

O�:

X(1) = min{X1, X2, · · · , Xn} Ú X(n) = max{X1, X2, · · · , Xn},

±9½Â������444����

Rn = X(n) −X(1).

�oN X �©Ù¼ê� F (x), Kk

FX(1)
(x) = Pr(X(1) 6 x) = 1− Pr(X(1) > x) = 1− (1− F (x))n, FX(n)

(x) = Fn(x).

½n 9.1 �oNX ��Ý¼ê� f(x), ©Ù¼ê� F (x), X1, X2, · · · , Xn´5goNX ��

���, K1 kgSÚOþ X(k)�©Ù¼êÚ�Ý¼ê©O�

Fk(x) =

n∑
r=k

(
n

r

)
[F (x)]r[1− F (x)]n−r

fk(x) =
n!

(k − 1)!(n− k)!
[F (x)]k−1[1− F (x)]n−kf(x).

y² �âK¿k1 kgSÚOþ X(k)�©Ù¼ê�

Fk(x) = Pr[X(k) 6 x] = Pr[X1, X2, · · · , Xn¥��k k��ÅCþ 6 x]

=
n∑
r=k

Pr[X1, X2, · · · , Xn¥Tk r��ÅCþ 6 x, n− r��ÅCþ > x]

=

n∑
r=k

(
n

r

)
[F (x)]r[1− F (x)]n−r.

|^ð�ª

n∑
r=k

(
n

r

)
pr(1− p)n−r =

n!

(k − 1)!(n− k)!

∫ p

0
tk−1(1− t)n−kdt (r ∈ [n], p ∈ [0, 1])

dd��

Fk(x) =
n!

(k − 1)!(n− k)!

∫ F (x)

0
tk−1(1− t)n−kdt,

�âÈ©¼ê¦��¤y².
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9.3 Beta©Ù!Γ©Ù!Dirichlet©Ù

Äk0�üÈ©¼ê.

½Â 9.3 (Beta-¼¼¼êêê) é?¿�½ α1 > 0Ú α2 > 0, ½Â Beta¼ê�

Beta(α1, α2) =

∫ 1

0
xα1−1(1− x)α2−1dx,

k
Ö{P� B(α1, α2), �¡�1�aî.È©¼ê.

�âêÆ©Û�� Beta(α1, α2)3½Â� (0,+∞)× (0,+∞)ëY. |^CþO� t = 1− x,�â½

Âk

Beta(α1, α2) =

∫ 1

0
tα1−1(1− t)α2−1dt =

∫ 0

1
(1− x)α1−1xα2−1d(1− x)

=

∫ 1

0
xα2−1(1− x)α1−1dx = Beta(α2, α1),

dd�� Beta¼ê�é¡5: Beta(α1, α2) = Beta(α2, α1).

½Â 9.4 (Γ-¼¼¼êêê) é?¿�½ α > 0, ½Â Γ-¼ê�

Γ(α) =

∫ +∞

0
xα−1e−xdx,

q�¡�1�aî.È©¼ê.

5� 9.1 é Γ-¼ê, k Γ(1) = 1Ú Γ(1/2) =
√
π, ±9é α > 1k Γ(α) = (α− 1)Γ(α− 1).

y² �â½Âk

Γ(1) =

∫ +∞

0
e−xdx = 1.

|^CþO� x = t1/2k

Γ(1/2) =

∫ +∞

0
t−

1
2 e−tdt =

∫ +∞

0
x−1e−x

2
dx2 = 2

∫ +∞

0
e−x

2
dx =

∫ +∞

−∞
e−x

2
dx =

√
π.

?�Úk

Γ(α) = −
∫ ∞

0
xα−1de−x = −[xα−1e−x]+∞0 + (α− 1)

∫ +∞

0
xα−2e−xdx = (α− 1)Γ(α− 1)

é?¿��ê n, �âþ¡�5�k

Γ(n) = (n− 1)!
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'u Beta¼êÚ Γ-¼ê, kXe'X:

½n 9.2 é?¿�½ α1 > 0Ú α2 > 0, k

Beta(α1, α2) =
Γ(α1)Γ(α2)

Γ(α1 + α2)
.

y² �â Γ-¼ê�½Âk

Γ(α1)Γ(α2) =

∫ +∞

0
tα1−1e−tdt

∫ +∞

0
sα2−1e−sds =

∫ +∞

0

∫ +∞

0
e−(t+s)tα1−1sα2−1dtds.

Ú\CþO� x = t+ sÚ y = t/(t+ s), �)�� t = xyÚ s = x− xy, O�ä�'1�ªk∣∣∣∣∣ ∂t
∂x

∂t
∂y

∂s
∂x

∂s
∂y

∣∣∣∣∣ =

∣∣∣∣∣ y x

1− y −x

∣∣∣∣∣ = −x.

Ó�k x ∈ (0,+∞)Ú y ∈ (0, 1)¤á, dd��

Γ(α1)Γ(α2) =

∫ 1

0

∫ +∞

0
e−xxα1−1yα1−1xα2−1(1− y)α2−1|x|dxdy

=

∫ 1

0

∫ +∞

0
e−xxα1+α2−1yα1−1(1− y)α2−1dxdy

=

∫ +∞

0
e−xxα1+α2−1dx

∫ 1

0
yα1−1(1− y)α2−1dy

= Γ(α1 + α2)Beta(α1, α2)

½n�y.

�âþã½n��

íØ 9.1 é?¿ α1 > 1Ú α2 > 0, k

Beta(α1, α2) =
α1 − 1

α1 + α2 − 1
Beta(α1 − 1, α2).

y² �âc¡�½nk

Beta(α1, α2) =
Γ(α1)Γ(α2)

Γ(α1 + α2)
=

(α1 − 1)Γ(α1 − 1)Γ(α2)

(α1 + α2 − 1)Γ(α1 + α2 − 1)
=

α1 − 1

α1 + α2 − 1
Beta(α1 − 1, α2).

½Â 9.5 é?¿ α1, α2, · · · , αk > 0, ½Âõ� Beta¼ê�

Beta(α1, α2, · · · , αk) =
Γ(α1)Γ(α2) · · ·Γ(αk)

Γ(α1 + α2 + · · ·+ αk)
.
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e¡0�n«©Ù:

½Â 9.6 (Beta©©©ÙÙÙ) �½ α1 > 0Ú α2 > 0, e�ÅCþ X �VÇ�Ý�

f(x) =

{
xα1−1(1−x)α2−1

B(α1,α2) x ∈ (0, 1)

0 Ù§.

¡ X Ñlëê� α1Ú α2� Beta©Ù§P X ∼ B(α1, α2).

½n 9.3 e�ÅCþ X ∼ B(α1, α2), Kk

E[X] =
α1

α1 + α2
Ú Var(X) =

α1α2

(α1 + α2)2(α1 + α2 + 1)
.

y² �âÏ"�½Âk

E[X] =
1

B(α1, α2)

∫ 1

0
x · xα1−1(1− x)α2−1dx =

B(α1 + 1, α2)

B(α1, α2)
=

α1

α1 + α2
,

E[X2] =
1

B(α1, α2)

∫ 1

0
xα1+1(1− x)α2−1dx =

B(α1 + 2, α2)

B(α1, α2)
=

α1 + 1

α1 + α2 + 1

α1

α1 + α2
,

dd��

Var(X) = E[X2]− E[X]2 =
α1(1 + α1)

(α1 + α2)(α1 + α2 + 1)
− (

α1

α1 + α2
)2 =

α1α2

(α1 + α2)2(α1 + α2 + 1)
.

~ 9.2 �ÕáÓ©Ù�ÅCþ X1, X2, · · · , Xn Ñlþ!©Ù U(0, 1), P X(k) �Ù^SÚO

þ, K

X(k) ∼ B(k, n− k + 1).

y² e�ÅCþ Xi ∼ U(0, 1) (i ∈ [n]), K� x ∈ (0, 1)�Ù©Ù¼ê F (x) = x. dd���

1 k�ÚOþ X(k)�VÇ�Ý¼ê

f(x) =
n!

(k − 1)!(n− k)!
(F (x))k−1(1− F (x))n−k =

n!

(k − 1)!(n− k)!
xk−1(1− x)n−k

=
1

B(k, n− k + 1)
xk−1(1− x)n−k.

e¡½Â Γ©Ù:

½Â 9.7 XJ�ÅCþ X �VÇ�Ý

f(x) =


λα

Γ(α)x
α−1e−λx x > 0

0 x 6 0
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Ù¥ α > 0Ú λ > 0, K¡�ÅCþ X Ñlëê� αÚ λ� Γ©Ù, P�X ∼ Γ(α, λ).

½n 9.4 e�ÅCþ X ∼ Γ(α, λ), Kk E(X) = α/λÚ Var(X) = α/λ2.

y² �âÏ"�½Âk

E[X] =

∫ ∞
0

λα

Γ(α)
xαe−λxdx =

Γ(α+ 1)

λΓ(α)

∫ ∞
0

λα+1

Γ(α+ 1)
xαe−λxdx = α/λ.

±9

E[X2] =

∫ ∞
0

λα

Γ(α)
xα+1e−λxdx =

Γ(α+ 2)

λ2Γ(α)

∫ ∞
0

λα+2

Γ(α+ 2)
xα+1e−λxdx = α(α+ 1)/λ2,

dd��

Var(X) = E[X2]− (E[X])2 = α(α+ 1)/λ2 − α2/λ2 = α/λ2.

·�k Γ©Ù��\5:

½n 9.5 e�ÅCþ X ∼ Γ(α1, λ) Ú Y ∼ Γ(α2, λ), � X � Y �pÕá, K X + Y ∼
Γ(α1 + α2, λ).

y² ��ÅCþ Z = X + Y , �âÕáÓ©Ù�ÅCþÚ¼ê�©Ùk�ÅCþ Z �VÇ�

Ý�

fZ(z) =

∫ ∞
−∞

fX(x)fY (z − x)dx =

∫ z

0

λα1

Γ(α1)
xα1−1e−λx

λα2

Γ(α2)
(z − x)α2−1e−λ(z−x)dx

=
λα1+α2

Γ(α1)Γ(α2)
e−λz

∫ z

0
xα1−1(z − x)α2−1dx

-CþO� x = ztk∫ z

0
xα1−1(z − x)α2−1dx = zα1+α2−1

∫ 1

0
tα1−1(1− t)α2−1dt = zα1+α2−1B(α1, α2)

3|^ Beta¼ê�5�

B(α1, α2) =

∫ 1

0
tα1−1(1− t)α2−1dt =

Γ(α1)Γ(α2)

Γ(α1 + α2)

�\�¤y².

AO/, e�ÅCþ X ∼ Γ(1/2, 1/2), KÙ�Ý¼ê�

f(x) =


1√
2π
x−

1
2 e−

1
2
x x > 0

0 x 6 0
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~ 9.3 e�ÅCþ X ∼ N (0, 1), Kk X2 ∼ Γ(1/2, 1/2).

) Äk¦)�ÅCþ¼ê Y = X2�©Ù¼ê. � y 6 0�k FY (y) = 0; � y > 0�k

FY (y) = Pr(X2 6 y) = Pr(−√y 6 X 6
√
y) =

∫ √y
−√y

1√
2π
e−

x2

2 dx,

dd��VÇ�Ý� fY (y) = 1√
2π

1√
ye
− y

2 . l
�� X2 ∼ Γ(1/2, 1/2).

e¡0� Dirichlet©Ù:

½Â 9.8 �½ α1, α2, · · · , αk ∈ (0,+∞), eõ��Å�þ X = (X1, X2, · · · , Xk)��Ý¼ê

�

f(x1, x2, · · · , xk) =


x
α1−1
1 x

α2−1
2 ···xαk−1

k
Beta(α1,α2,··· ,αk)

∑k
i=1 xi = 1, xi > 0 (i ∈ [k]),

0 Ù§

K¡ X Ñlëê� α1, α2, · · · , αk � Dirichlet©Ù, P X ∼ Dir(α1, α2, · · · , αk).

Dirichlet©Ù´ Beta©Ù��«í2, � k = 2� Dirichlet©Ùòz� Beta©Ù.

½n 9.6 e�Å�þX = (X1, X2, · · · , Xk) ∼ Dir(α1, α2, · · · , αk), � α̃ = α1 +α2 + · · ·+αk

Ú α̃i = αi/α̃, K

E[Xi] = α̃i Ú Cov(Xi, Xj) =


α̃i(1−α̃i)
α̃+1 i = j,

− α̃iα̃j
α̃+1 i 6= j.

y² �âÏ"�½Âk

E[Xi] =

∫ ∫∑
i xi=1,xi>0 x

α1−1
1 xα2−1

2 · · ·xαk−1
k · xidx1 · · · dxk

Beta(α1, α2, · · · , αk)

=
Beta(α1, · · · , αi + 1, · · · , αk)

Beta(α1, · · · , αi, · · · , αk)
=

αi
α1 + α2 + · · ·+ αk

= α̃i.

e i = j, Kk

Cov(Xi, Xi) = E[X2
i ]− (E[Xi])

2 =
Beta(α1, · · · , αi + 2, · · · , αk)
Beta(α1, · · · , αi, · · · , αk)

− (α̃i)
2 =

α̃i(1− α̃i)
α̃+ 1

.

e i 6= j, Kk

Cov(Xi, Xj) = E[XiXj ]− E[Xi]E[Xj ] =
Beta(α1, · · · , αi + 1, · · · , αj + 1, · · · , αk)

Beta(α1, · · · , αi, · · · , αj , · · · , αk)
− α̃iα̃j

=
αiαj

α̃(α̃+ 1)
− α̃iα̃j = − α̃iα̃j

α̃+ 1
.
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9.4 ��oNÄ�©Ù½n

9.4.1 χ2©Ù

½Â 9.9 eX1, X2, · · · , Xn´5goNX ∼ N (0, 1)�����,¡ Y = X2
1 +X2

2 + · · ·+X2
n

�ÑlgdÝ� n� χ2©Ù, P Y ∼ χ2(n).

�â X2
1 ∼ Γ(1/2, 1/2)Ú Γ¼ê��\5�� Y ∼ Γ(n/2, 1/2). u´k�ÅCþ Y �VÇ�Ý�

fY (y) =


( 1

2
)
n
2

Γ(n/2)y
n
2
−1e−

y
2 y > 0

0 y 6 0

e¡ïÄ χ2©Ù�5�:

½n 9.7 e�ÅCþ X ∼ χ2(n), K E(X) = nÚ Var(X) = 2n; e�ÅCþ X ∼ χ2(m)Ú

Y ∼ χ2(n)�pÕá, K X + Y ∼ χ2(m+ n);

y² e�ÅCþ X ∼ χ2(n), Kk X = X2
1 + X2

2 + · · · + X2
n, Ù¥ X1, X2, · · · , Xn ´oN�

X ′ ∼ N (0, 1)�����. ·�k

E[X] = E[X2
1 +X2

2 + · · ·+X2
n] = nE[X2

1 ] = n,

Var(X) = nVar(X2
1 ) = n[E(X4

1 )− (E(X2
1 ))2] = n(E(X4

1 )− 1).

O�

E(X4
1 ) =

∫ +∞

−∞

x4

√
2π
e−

x2

2 dx = −
∫ +∞

−∞

x3

√
2π
de−

x2

2 = 3

∫ +∞

−∞

x2

√
2π
e−

x2

2 dx = 3

�� Var(X) = 2n.

e�ÅCþ X ∼ N (0, 1), K

E(Xk) =

(k − 1)!! k�óê

0 k�Ûê

Ù¥ (2k)!! = 2k · (2k − 2) · · · · 2Ú (2k + 1)!! = (2k + 1) · (2k − 1) · · · · 1.

~ 9.4 � X1, X2, X3, X4 ´5guoN N (0, 4)���, ±9 Y = a(X1 − 2X2)2 + b(3X3 −
4X4)2. ¦ a, b�Û��, Y Ñl χ2©Ù, ¿¦ÙgdÝ.

) �â��©Ù�5�k X1 − 2X2 ∼ N (0, 20)Ú 3X3 − 4X4 ∼ N (0, 100), Ïd

X1 − 2X2

2
√

5
∼ N (0, 1),

3X3 − 4X4

10
∼ N (0, 1),

¤±� a = 1/20, b = 1/100�k Y ∼ χ2(2)¤á.
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©Ù�\5:

• XJX ∼ N (µ1, a
2
1)Ú Y ∼ N (µ2, a

2
2), �X � Y Õá, @oX ± Y ∼ N (µ1 ± µ2, a

2
1 + a2

2);

• XJ X ∼ B(n1, p)Ú Y ∼ B(n2, p), � X � Y Õá, @o X + Y ∼ B(n1 + n2, p);

• XJ X ∼ P (λ1)Ú Y ∼ P (λ2), � X � Y Õá, @o X + Y ∼ P (λ1 + λ1);

• XJ X ∼ Γ(α1, λ)Ú Y ∼ Γ(α2, λ), � X � Y Õá, @o X + Y ∼ Γ(α1 + α2, λ).

• XJ X ∼ χ(m)Ú Y ∼ χ(n), � X � Y Õá, @o X + Y ∼ χ(m+ n).

9.4.2 t©Ù (student distribution)

½Â 9.10 �ÅCþ X ∼ N (0, 1)Ú Y ∼ χ2(n)�pÕá, K�ÅCþ

T =
X√
Y/n

ÑlgdÝ� n� t-©Ù, P T ∼ t(n).

�ÅCþ T ∼ t(n)�VÇ�Ý�

f(x) =
Γ(n+1

2 )

Γ(n2 )
√
nπ

(
1 +

x2

n

)−n+1
2

x ∈ (−∞,+∞).

dd�� t-©Ù��Ý¼ê f(x)´ó¼ê. � n > 1�óê�k

Γ(n+1
2 )

Γ(n2 )
√
nπ

=
(n− 1)(n− 3) · · · 5 · 3

2
√
n(n− 2)(n− 4) · · · 4 · 2

;

� n > 1�Ûê�k
Γ(n+1

2 )

Γ(n2 )
√
nπ

=
(n− 1)(n− 3) · · · 4 · 2

π
√
n(n− 2)(n− 4) · · · 5 · 3

.

� n→∞�, �ÅCþ T ∼ t(n)�VÇ�Ý

f(x)→ 1√
2π
e−

x2

2 .

Ïd� nv
��, f(x)��Cq� N (0, 1)��Ý¼ê.

9.4.3 F ©Ù

½Â 9.11 ��ÅCþ X ∼ χ2(m)Ú Y ∼ χ2(n)�pÕá, ¡�ÅCþ

F =
X/m

Y/n
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ÑlgdÝ� (m,n)� F -©Ù, P F ∼ F (m,n).

�ÅCþ F ∼ F (m,n)�VÇ�Ý�

f(x) =


Γ(m+n

2
)(m
n

)
m
2 x

m
2 −1

Γ(m
2

)Γ(n
2

)(1+mx
n

)
m+n

2
x > 0

0 x 6 0

e�ÅCþ F ∼ F (m,n), K 1
F = F (n,m).

�KöS:

• ÕáÓ©Ù�ÅCþ X1, X2, · · · , Xn÷v Xi ∼ N (µi, σ
2
i ), ¦

∑n
i=1 (Xi − µi)2/σ2

i �©Ù.

• �X1, X2, · · · , X9Ú Y1, Y2, · · · , Y9´©O5goNN (0, 9)�ü�Õá��, ¦ (X1 +X2 +

· · ·+X9)/
√
Y 2

1 + Y 2
1 + · · ·+ Y 2

9 �©Ù.

• �X1, X2, . . . , X2n5goNN (0, σ2)���, ¦ (X2
1 +X2

3 + · · ·+X2
2n−1)/(X2

2 +X2
4 + · · ·+

X2
2n)�©Ù.

9.4.4 ��©Ù�Ä�©Ù½n

½n 9.8 � X1, X2, · · · , Xn´5goN N (µ, σ2)���, Kk

X̄ =
1

n

n∑
i=1

Xi ∼ N (µ,
σ2

n
),

X̄ − µ
σ/
√
n
∼ N (0, 1).

½n 9.9 � X1, X2, · · · , Xn´5goN N (µ, σ2)���, Ù��þ�Ú?�����©O�

X̄ =
n∑
i=1

Xi/n Ú S2 =
1

n− 1

n∑
i=1

(Xi − X̄)2,

Kk X̄ Ú S2�pÕá, �
(n− 1)S2

σ2
∼ χ2(n− 1).

d½ny²ë�Ö�N�.

½n 9.10 � X1, X2, · · · , Xn ´5goN N (µ, σ2)���, Ù��þ�Ú?�����©O

�

X̄ =

n∑
i=1

Xi/n Ú S2 =
1

n− 1

n∑
i=1

(Xi − X̄)2,

Kk
X̄ − µ
S/
√
n
∼ t(n− 1).
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y² �âc¡ü�½n�� (X̄ − µ)/σ
√
n ∼ N (0, 1)Ú (n− 1)S2/σ2 ∼ χ2(n− 1), u´k

X̄ − µ
S/
√
n

=
X̄ − µ
σ/
√
n

/√
(n− 1)S2

σ2(n− 1)
∼ t(n− 1).

½n 9.11 �X1, X2, · · · , XmÚ Y1, Y2, · · · , Yn©O5goNN (µX , σ
2)ÚN (µY , σ

2)�ü�

Õá��, -Ù��þ�©O X̄ Ú Ȳ , ?�����©O� S2
X Ú S2

Y , K

X̄ − Ȳ − (µX − µY )√
(m−1)S2

X+(n−1)S2
Y

m+n−2

√
1
m + 1

n

∼ t(m+ n− 2).

y² �â��©Ù�5�k X̄ ∼ N (µX , σ
2/m)Ú Ȳ ∼ N (µY , σ

2/n), ±9

X̄ − Ȳ ∼ N
(
µX − µY ,

(
1

m
+

1

n

)
σ2

)
,

?�Úk
X̄ − Ȳ − (µX − µY )

σ
√

1
m + 1

n

∼ N (0, 1).

�â½n 9.9k
(m−1)S2

X
σ2 ∼ χ2(m− 1)Ú

(n−1)S2
Y

σ2 ∼ χ2(n− 1), dd��

(m− 1)S2
X + (n− 1)S2

Y

σ2
∼ χ2(m+ n− 2).

l
�¤y².

½n 9.12 � X1, X2, · · · , Xm Ú Y1, Y2, · · · , Yn ©O5goN N (µX , σ
2
X)Ú N (µY , σ

2
Y )�ü

�Õá��, -Ù?�����©O� S2
X Ú S2

Y , Kk

S2
X/σ

2
X

S2
Y /σ

2
Y

∼ F (m− 1, n− 1).

y² �â½n 9.9k
(m−1)S2

X

σ2
X

∼ χ2(m− 1)Ú
(n−1)S2

Y

σ2
Y

∼ χ2(n− 1), dd��

(m−1)S2
X

σ2
X

/(m− 1)

(n−1)S2
Y

σ2
Y

/(n− 1)
∼ F (m− 1, n− 1).

�,SK:

• e�ÅCþ X ∼ t(n), ¦ Y = X2�©Ù.
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• � X1, X2, · · · , X5 ´5goN N (0, 1)���, - Y = c1(X1 +X3)2 + c2(X2 +X4 +X5)2.

¦~ê c1, c2¦ Y Ñl χ2©Ù.

• � X1, X2´5goN N (0, σ2)���, ¦ (X1+X2)2

(X1−X2)2 �©Ù.

9.4.5 © ê(:)

½Â 9.12 é�½ α ∈ (0, 1)Ú�ÅCþX, ¡÷v Pr(X > λα) = α�¢ê λα�þý α© 

ê(:).

é��©Ù X ∼ N (0, 1), �½ α ∈ (0, 1), ÷v Pr(X > µα) =
∫∞
µα
f(x)dx = α�: µα ¡��

�©Ùþý α© :, dé¡5�� µ1−α = −µα.

é χ2(n)©Ù X ∼ χ2(n), �½α ∈ (0, 1), ÷v Pr(X > χ2
α(n)) = α�: χ2

α(n)¡� χ2(n)©

Ùþý α© :. � n→∞�k χ2
α(n) ≈ 1

2(µα +
√

2n− 1)2, Ù¥ µαL«��©Ùþý α© :.

é t-©Ù X ∼ t(n), �½ α ∈ (0, 1), ÷v Pr(X > tα(n)) = α�: tα(n)¡� t(n)-©Ùþý α

© :. dé¡5�� t(1−α)(n) = −tα(n).

é F -©Ù X ∼ F (m,n), �½ α ∈ (0, 1), ÷v Pr[X > Fα(m,n)] = α �: Fα(m,n) ¡�

F (m,n)©Ùþý α© :.

éu F -©Ù, kXe5�:

Ún 9.4 é F ©Ù�© :k

F(1−α)(m,n) =
1

Fα(n,m)
.

y² � X ∼ F (m,n), �â½Âk

1− α = Pr(X > F1−α(m,n)) = Pr

(
1

X
<

1

F1−α(m,n)

)
= 1− Pr

(
1

X
>

1

F1−α(m,n)

)
.

2�â 1/X ∼ F (n,m), (Üþªk

α = Pr

(
1

X
>

1

F1−α(m,n)

)
= Pr

(
1

X
>

1

F1−α(m,n)

)
u´k Fα(n,m) = 1/F1−α(m,n).

�,SK:

• � X1, X2, · · · , X10 ´oN N (µ, 1/4)���, i) e µ = 0, ¦ Pr(
∑10

i=1X
2
i > 4); ii) e µ�

�, ¦ Pr(
∑10

i=1(Xi − X̄)2 > 2.85).

• � X1, X2, · · · , X25 ´oN N (12, σ2)���, i) e σ = 2, ¦ Pr(
∑25

i=1Xi/25 > 12.5); ii) e

σ�����?������ S2 = 5.57, ¦ Pr(
∑25

i=1Xi/25 > 12.5).
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SK

9.1 ��ÅCþ X �Ï" E[X] = µ > 0, ��� σ2, y²é?¿ ε > 0k

P (X − µ 6 −ε) 6 σ2

σ2 + ε2
.


