
1 11Ù b�u�(Hypothesis Testing)

�â��&E5u�'uoN�,�b�´Ä�(, da¯K¡�bbb���uuu���¯̄̄KKK, �©�üa:

• ëêu�¯K: oN©Ù®�, u�,��ëê�b�;

• �ëêu�¯K: oN©Ù����b�u�¯K.

b�u���{: kb�¤��b� H0 ¤á, ,�loN¥��, �â�����5�ä´Ä

k‘ØÜn’�y�Ñy, ���Ñ�É½öáý¤�b��û½. ‘ØÜn’�y���VÇ¯�3�

g¯�¥A�Ø¬u).

~ 11.1 ,�¬Ñ�u�5½g¬Ç p 6 0.04âUÑ�, yl 10000��¬¥?Ä� 12�, u

y 3�´g¬, ¯T1�¬´ÄTÑ�; eÄ�(Jk 1�g¬, ¯T1�¬´ÄTÑ�º

) Äk�Ñb� H0 : p 6 0.04. eb� H0¤á, ��ÅCþ X ∼ B(12, p),

Pr[X = 3] =

(
12

3

)
p3(1− p)9 6 0.0097.

dd��ù´���VÇ¯�, �gÁ�ØATu), �%u)
, �ØÜn, �b� H0 : p 6 0.04

Ø¤á, = p > 0.04, T1�¬ØUÑ�.

e X = 1K

Pr[X = 1] = p(1− p)11

(
12

1

)
> 0.306.

ùØ´�VÇ¯�, vndáý�b�H, �¬�±Ñ�.

5: � X = 1�¹e, e��|^ëê�O

p = 1/12 = 0.083 > 0.04.

e==æ^ëê�O
Ø^b�u�, KØUÑ�, Ïdëê�O�b�u�´ü£¯.

3b�u�¥, I�é‘ØÜn’��¯��Ñ��½5£ã, Ï~�Ñ�þ. α, ��¯�u)

�VÇ�u α�K¤��VÇ¯�. Ï~� α = 0.05, 0.1, 0.01, ÙäN���â¢S¯K
½. 3

b½ H0 ¤áe, �â��Jø�&E�äÑØÜn�y� (VÇ�u α�¯�u)), K@�b�

H0ØwÍ, α�¡�wÍY².

5¿: ØÄ½b� H0 ¿Ø´�½b� H0 �½¤á, 
�U`�ÉØ
wÍ, v��Ä½�§

Ý, ¤±b�u��¡�“wÍ5u�”.

c¡�~fÐÚ0�
b�u��Ä�g�Ú�{, e¡2?�Ú`²b�u����Ú½:
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~ 11.2 b � , � ¬ � ­ þ Ñ l N (500, 16), � Å � Ñ 5 � � ¬, ÿ � ­ þ �

509, 507, 498, 502, 508, ¯�¬�Ï"´Ä�~? (wÍ5Y² α = 0.05)

) e¡�Ñb�u����Ú½:

• 1�Ú: JÑ�b� H0 : µ = 500Ú�Jb� H1 : µ 6= 500;

• 1�Ú: �Ou�ÚOþ, 3�b� H0 ¤áe�^�e¦ÑÙ©Ù. -��þ� X̄ =∑5
i=1Xi/5 = 504.8, �u�ÚOþ�

Z =
X̄ − 500√

16/5
∼ N (0, 1).

u�ÚOþUïþ�É���©Ù®�.

• 1nÚ: �½wÍ5Y² α = 0.05, �L���.� µ0.025 = 1.96, ¦�

Pr [|Z| > 1.96] = 0.05

¤����¯�, l
��Ä½� {Z : |Z| > 1.96}.

• 1oÚ: ò����\O�ÚOþ Z �¢ÿ�

|Z| = |X̄ − 500|√
16/5

=
4.8

4/
√

5
= 1.2×

√
5 = 2.68 > 1.96.

�â¢ÿ� Z á\Ä½� {Z : |Z| > 1.96}, l
áý�b� H0.

dd8BÑb�u����Ú½:

1) �â¢S¯KJÑ�b� H0Ú�Jb� H1;

2) (½u�ÚOþ (©Ù®�);

3) (½wÍ5Y² α, ¿�Ñáý�;

4) d��O�ÚOþ�¢ÿ�, �ä´Ä�É�b� H0.

b�u��©�Xena:

• �b� H0 : µ = µ0Ú�Àb� H1 : µ 6= µ0, ¡�VVV>>>bbb���uuu���;

• �b� H0 : µ 6 µ0Ú�Àb� H1 : µ > µ0, ¡�mmm>>>uuu���;

• �b� H0 : µ > µ0Ú�Àb� H1 : µ < µ0, ¡����>>>uuu���.

m>u�Ú�>u�q�Ï¡�V>u�.
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e¡ïÄb�u�´Ä¬��, b�u��Ø%´kb���äb�H0¤á, ,��â���

��5�ä´Äk‘ØÜn’�y�Ñy, =/�VÇ0�n, ,
�VÇ¯�3�gÁ�¥Øu)¿

Ø¿�X�VÇ¯�Øu). �Uu)Xeü«�Ø:

• 1 Ia�Ø: “ïý”, =� H0�ý�, ·�E�Uáý H0.

• 1 IIa�Ø: “��”, =� H0Ø¤á�, ·�E�U�É H0.

üa�ØXeL�¤«

b�u��û½ ý¢�¹: H0�ý ý¢�¹: H0�b

áý H0 1 Ia�Ø �(

�É H0 �( 1 IIa�Ø

��1 Ia�Ø�VÇ� α, =wÍ5Y², 1 IIa�Ø�VÇ^ β L«, =

α = Pr
[
áý H0|H0�ý

]
β = Pr

[
�É H0|H0�b

]
.

ùüa�Øp�'é, ���Nþ�½�, �a�ØVÇ�~���,�a�ØVÇ�O\.

Neymam-Pearson�K: 3��1 Ia�Ø�cJe, ¦�U~�1 IIa�Ø�VÇ.

11.1 ��oNÏ"�b�u�

11.1.1 ��®��ü���oN�Ï"u� (Zu�)

�X1, X2, · · · , Xn´5goNX ∼ N(µ, σ2)���, e�� σ2®�, u��b�H0 : µ = µ0

Ú�Jb� H1 : µ 6= µ0. ���þ�� X̄ =
∑n

i=1Xi/n, �â��©Ù�5�ÀJu�ÚOþ

Z =
X̄ − µ0

σ/
√
n
∼ N (0, 1).

�½wÍ5Y² α, ��áý�� |Z| > µα/2, ù«u��{¡� Zuuu���{{{.

'u Zu�{�V>Úü>u�k

i) �b� H0 : µ = µ0Ú�Jb� H1 : µ 6= µ0, áý�� {Z : |Z| > µα/2};

ii) �b� H0 : µ > µ0Ú�Jb� H1 : µ < µ0, áý�� {Z : Z 6 −µα};

iii) �b� H0 : µ 6 µ0Ú�Jb� H1 : µ > µ0, áý�� {Z : Z > µα}.

~ 11.3 ®�,�¬�­þ X ∼ N (4.55, 0.1082), y�ÅÄ� 5��¬, Ù�þ©O� 4.28,

4.40, 4.42, 4.35, 4.27. ¯�¬�Ï"3 α = 0.05ekÃwÍ5Cz. (µ0.025 = 1.96)

) ÄkJÑ�b� H0 : µ = 4.55Ú�Jb� H1 : µ 6= 4.55. e H0¤á, ÀJu�þ

Z =
X̄ − 4.55

σ/
√
n
∼ N (0, 1),
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¦�áý�� |Z| > µα/2 = 1.96. O���þ���X̄ = 4.364, u´k

X̄ − 4.55

0.108/
√

5
= 3.851 > 1.96,

dd�áý H0, `²kwÍCz.

~ 11.4 ,��²þÆ·�¦Ø$u 1000 ���¡� ‘Ü�’, ®����Æ· X ∼
N (µ, 1002), y3�ÅÄ� 25 �, Ù��þ�� X̄ = 960. 3wÍ5Y² α = 0.05 ��¹e,

u�ù1��´ÄÜ�. (µ0.05 = 1.645)

) ÄkJÑ�b� H0 : µ > 1000Ú�Jb� H1 : µ < 1000. e H0¤á, ÀJb�ÚOþ

Z =
X̄ − µ
σ/
√
n
∼ N (0, 1),

dd��b�áý��: Z < −µα = −1.645. �â��þ� X̄ = 960��*	�

Z =
X̄ − µ
σ/
√
n

= −2.0 < −1.645

dd�áý H0, @�ù���ØÜ�.

11.1.2 �����ü���oN�Ï"u� (tu�)

�X1, X2, · · · , Xn´5goNX ∼ N(µ, σ2)���, e�� σ2��, u��b�H0 : µ = µ0

Ú�Jb� H1 : µ 6= µ0. ���þ�� X̄ =
∑n

i=1Xi/n Ú��?��� S2 =
∑n

i=1(Xi −
X̄)2/(n− 1), �â��©Ù�5�ÀJu�ÚOþ

t =
X̄ − µ0

S/
√
n
∼ t(n− 1).

�½wÍ5Y² α, ��áý�� |t| > tα/2(n− 1), ù«u��{¡� tuuu���{{{.

'u tu�{�V>Úü>u�k

i) �b� H0 : µ = µ0Ú�Jb� H1 : µ 6= µ0, áý�� {t : |t| > tα/2(n− 1)};

ii) �b� H0 : µ > µ0Ú�Jb� H1 : µ < µ0, áý�� {t : t 6 −tα(n− 1)};

iii) �b� H0 : µ 6 µ0Ú�Jb� H1 : µ > µ0, áý�� {t : t > tα(n− 1)}.

11.1.3 ��®��ü���oN�Ï"�u�

� X1, X2, · · · , Xn ´5goN X ∼ N(µ1, σ
2
1) ���, ±9 Y1, Y2, · · · , Ym ´5goN Y ∼

N(µ2, σ
2
2)���, e�� σ2

1 Ú σ2
2 ®�, u��b�H0 : µ1−µ2 = δÚ�Jb�H1 : µ1−µ2 6= δ
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(5: δ�~ê). ���þ� X̄ =
∑n

i=1Xi/nÚ Ȳ =
∑m

i=1 Yi/m, �â��©Ù�5�k

U =
X̄ − Ȳ − δ√
σ2

1/n+ σ2
2/m

∼ N (0, 1).

�½wÍ5Y² α, ÙV>Úü>u�k

i) �b� H0 : µ1 − µ2 = δÚ�Jb� H1 : µ1 − µ2 6= δ, áý�� {U : |U | > µα/2};

ii) �b� H0 : µ1 − µ2 > δÚ�Jb� H1 : µ1 − µ2 < δ, áý�� {U : U 6 −µα};

iii) �b� H0 : µ1 − µ2 6 δÚ�Jb� H1 : µ1 − µ2 > δ, áý�� {U : U > µα}.

11.1.4 ��������ü���oN�Ï"�u�

Ñ, ±�Öþ

11.1.5 Äu¤é (pairwise)êâ�u�

3éõ¢SA^¥, �
'�ü«�{½ü«�¬��É,   ¬���1¤é�*	�, ,�

Äu*	�êâ©Û�ä�{¬�¬´ÄäkwÍ�«O, ù«�{¡�¤¤¤ééé (pairwise)'''���{{{.

~ 11.5 b�kü«ÆS�{ AÚ B, 3 9�êâ8þ����JXeL

êâ8 1 2 3 4 5 6 7 8 9

�{ A 0.6 0.9 0.8 0.7 0.6 0.9 0.8 0.9 0.7

�{ B 0.7 0.95 0.7 0.6 0.7 0.9 0.9 0.8 0.6

¯ùü«�{3 α = 0.05e´ÄkwÍ5«Oº

þ ã ¯ K � ? � Ú / ª z �: b � * 	 � n é p � Õ á � � Å C þ

(X1, Y1), (X2, Y2), · · · , (Xn, Yn), Ù¥ X1, X2, . . . , Xn Ú Y1, Y2, . . . , Yn ©O´oN X Ú Y �ü

���, u�ùü«�{´Ä5U�Ó, =u�oN X Ú Y �Ï"´Ä��. Ï�é�Ó�êâ8

i
ó, XiÚ YiØU�@��pÕá. ddb�

Z = X − Y ∼ N (µ, σ2),

¿JÑ�b� H0 : µ = 0 Ú�Jb� H1 : µ 6= 0, �� σ2 ��, Ïd�ÄÚO t u�þ. �

Zi = Xi − Yi (i ∈ [n]), ����þ�Ú��©O�

Z̄ =

n∑
i=1

Zi
n

Ú S2 =
1

n− 1

n∑
i=1

(Zi − Z̄)2.

dd��ÚOu�þ

t =
Z̄

S/
√
n
∼ t(n− 1),

3wÍ5Y² αe��áý��: |t| > tα/2(n− 1). e¡�Ñ~ 11.5�[¦).
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) ��ÅCþ Zi = Xi − Yi (i ∈ [10]), ����þ� Z̄ = 0.0056Ú�� S2 = 0.009, dd�

�*	�

|t| = |Z̄|
S/
√
n

=
0.0056

0.9
≈ 0.062 < t0.025(8) = 2.3060,

dd`²ùü«�{vkwÍ5«O.

11.2 ��©Ù���b�u�.

11.2.1 ü���oN���u� (χ2u�)

� X1, X2, · · · , Xn ´5goN X ∼ N(µ, σ2)���, u��b� H0 : σ2 = σ2
0 Ú�Jb�

H1 : σ2 6= σ2
0. �����?��� S2 =

∑n
i=1(Xi − X̄)2/(n − 1), �â��oNÄ�½nÀJu

�ÚOþ

χ2 =
(n− 1)S

σ
∼ χ2(n− 1).

�½wÍ5Y² α¦)áý�, ù«u��{¡� χ2 uuu���{{{.

'u χ2u�{�V>Úü>u�k

i) �b� H0 : σ2 = σ2
0 Ú�Jb� H1 : σ2 6= σ2

0, áý��: {χ2 > χ2
α
2
(n − 1)} ∪ {χ2 6

χ2
1−α

2
(n− 1)}.

ii) �b� H0 : σ2 > σ2
0 Ú�Jb� H1 : σ2 < σ2

0. áý��: {χ2 6 χ2
1−α(n− 1)}.

iii) �b� H0 : σ2 6 σ2
0 Ú�Jb� H1 : σ2 > σ2

0. áý��: {χ2 > χ2
α(n− 1)}.

11.2.2 ü���oN���'u� (F u�)

Ñ

11.3 �ëb�u�

c¡�SN?Ø�N©Ùa.®� (��oN)�ëêb�u�¯K. �!?ØoN©Ù�b�

u�¯K, Ï�¤ïÄ�u�´XÛ|^f��[ÜoN©Ù, ¤±q�¡©Ù�[Ü`Ýu�.

11.3.1 χ2u�{

�oN X �©Ù¼ê F (x)äN/ª��. �â�� X1, . . . , Xn5u�'uoN�b�:

H0 : F (x) = F0(x)

Ù¥ F0(x)�,(½�©Ù¼ê.

eoN X �lÑ�ÅCþ: H0 : Pr[X = xi] = pi (i = 1, 2, ...)

eoN X �ëY�ÅCþ: H0 : X ��Ý¼ê p(x) = p0(x)

e pi½ p0(x)�¹��ëê§d�Äk^4�q,�O/Ý�O�O��ëê.
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e¡0� χ2 u�{: ò�ÅÁ�(J��N Ω©¤ k �pØ�N�¯� A1, A2, . . . , Ak, �

∪ki=1Ai = Ω. �âb� H0 : F (x) = F0(x)O�VÇ pi = Pr(Ai). é�� X1, . . . , Xn, ¯� Ai Ñy

�ªÇ� ni/n. �b�H0�ý�, ªÇ ni/n�VÇ pi�ÉØA��. Äuù«g�, Pearson�E


u�ÚOþ:

W =

K∑
i=1

(ni − npi)2

npi

¡� Pearson χ2ÚOþ.

½n 11.1 e©Ù¼ê F0(x)Ø�¹��ëê, � H0 �ý� (ÃØ H0 ¥�©Ùáu�o©

Ù), ÚOþ

W =
k∑
i=1

(ni − npi)2

npi
∼ χ2(k − 1)

y²�Ñ
�Ö���. �½wÍ5Y² α, eW > χ2
α(k − 1)Káý H0.

~ 11.6 ¢� Eko«ØÓ�(J {A,B,C,D}. y?1Xe¢�: Õá­E¢���(J A

u)��. P¹e���gê, XdÁ� 200g, (JXeL. Á¯TÁ�´Ä�þ!©Ùº

­Egê 1 2 3 4 > 5

ªê 56 48 32 28 36

) ÄkJÑ�b�H0 :þ!©Ù. ^�ÅCþX L«Á�(J Au)�­E�Á�gê, k

p1 = P (X = 1) =
1

4
p2 = P (X = 2) =

3

4
× 1

4
p3 = P (X = 3) = (

3

4
)2 · 1

4

p4 = P (X = 4) = (
3

4
)3 · 1

4
p5 = P (X = 5) = 1− 1

4
− 3

16
− (

3

4
)3 · 1

4

O�u�ÚOþ

W =

5∑
i=1

(ni − npi)2

npi
= 18.21

�âÚOþ¢�W > X 2
0.05(4) = 9.488, ÏdØÑlþ!©Ù.

þ~�½
©Ù�äN©Ù/ª. 3Nõ¢S¯K¥, b� H0 �(½
oN©Ù�a., ©Ù

¥��¹��ëê, X

H0 : F (x) = F0(x; θ1, θ2, . . . , θr)

Ù¥ F0®�, θ1, θ2, . . . , θr ��. l�� X1, X2, . . . , Xn¥���O� θ̂1, θ̂2, . . . , θ̂r, �\�

H0 : F (x) = F0(x; θ̂1, θ̂2, . . . , θ̂r)

òf�©¤ k|: a0 < a1 < ... < ak � A1 ∈ [a0, a1], A2 ∈ [a1, a2]...Ak = [ak−1, ak]. oNX á\ Ai

�VÇ�

p̂i = p(x ∈ Ai|θ̂1...θ̂r)
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u��OþW �

W =

k∑
i=1

(ni − np̂i)2

np̂i

½n 11.2 � n→ +∞�, kW
d−→ χ2(k − r − 1)¤á.

11.3.1.1 Õá5u�

� (X1, Y1), (X2, Y2), · · · , (Xn, Yn)´oN (X,Y )���, ÏL���Ä��oN (X,Y )¥�

ÅCþX� Y �Õá5. ò�ÅCþXÚ Y ���©¤ r�Ú s�pØ���«mA1, A2, · · · , Ar
Ú B1, B2, · · · , Bs. ^ nij L«á\«� Ai × Bj �ªê. � ni· =

∑s
j=1 nij Ú n·j =

∑r
i=1 nij �>

��Ú, K n =
∑

i,j nij . ïáXe��éáL:

B1 B2 · · · Bs ni·

A1 n11 n12 · · · n1s n1·

A2 n21 n22 · · · n2s n2·
...

...
...

...
...

Ar nr1 nr2 · · · nrs nr·

n·j n·1 n·2 · · · n·s n

ÄkJÑb� H0: X � Y �pÕá. P

pij = Pr(X ∈ Ai, Y ∈ Bj) pi· = P (X ∈ Ai) =
s∑
j=1

pij p·j = P (Y ∈ Bj) =
r∑
i=1

pij

eb� H0¤á, K pij = pi· · p·j . |^Ý�O/��q,�O�

p̂i· =
ni·
n
, p̂·j =

n·j
n
.

�Ob�u�ÚOþ

W =

r∑
i=1

s∑
j=1

(nij − np̂i·p̂·j)2

np̂i·p̂·j
= n

r∑
i=1

s∑
j=1

n2
ij

ni·n·j
− n ∼ χ2((r − 1)(s− 1))

3wÍ5Y²� α�kW ∼ χ2((r − 1)(s− 1))¤á, dd��áý��: W > χ2
α((r − 1)(s− 1)),

=3d��SØ�É�ÅCþ X � Y Õá.
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SK

11.1 ��ÅCþ X �Ï" E[X] = µ > 0, ��� σ2, y²é?¿ ε > 0k

P (X − µ 6 −ε) 6 σ2

σ2 + ε2
.


